We theoretically demonstrate the strong Purcell effect in ε-near-zero ultra-anisotropic uniaxial metamaterials with elliptic isofrequency surface. Contrary to the hyperbolic metamaterials, the effect does not rely on the diverging density of states and evanescent waves. As a result, both the radiative decay rate and the far-field emission power are enhanced. The effect can be realized in the periodic layered metal-dielectric nanostructures with complex unit cell containing two different metallic layers.
We theoretically demonstrate the strong Purcell effect in ε-near-zero ultra-anisotropic uniaxial metamaterials with elliptic isofrequency surface. Contrary to the hyperbolic metamaterials, the effect does not rely on the diverging density of states and evanescent waves. As a result, both the radiative decay rate and the far-field emission power are enhanced. The effect can be realized in the periodic layered metal-dielectric nanostructures with complex unit cell containing two different metallic layers. Epsilon-near-zero materials, i.e. materials with small effective permittivity ε, are in the focus of active theoretical [1, 2] and experimental [3] [4] [5] research being very promising for applications including, for example, guiding of light [6, 7] , phase front manipulation [8] , optical circuitry [9] , and photovoltaics [10] . However, at the first glance they do not look beneficial for nanophotonic applications and enhancement of the light-matter coupling. Indeed, the Purcell factor in an isotropic medium with the dielectric constant ε is equal to √ ε and tends to zero for small ε [11] . In this letter, we draw attention to the anisotropic uniaxial ε-near-zero medium, satisfying the condition 0 < ε xx = ε yy ε zz .
The Purcell factor for the emitter embedded in the uniaxial material and polarized perpendicular to the symmetry axis z is equal to [12] 
In the isotropic regime ε xx = ε zz ≡ ε Eq. (2) reduces to √ ε. However, in the strongly anisotropic limit (1) one can obtain very large values of the Purcell factor due to the divergence in the first term ∝ ε zz / √ ε xx . The condition Eq. (1) can be realized when the longitudinal dielectric tensor component ε zz stays finite and the transverse one (ε xx ) becomes small. Alternatively, one can consider a situation when both ε zz and ε xx tend to zero with different rates, so that ε zz remains much larger than ε xx . In the media satisfying Eq. (1) the isofrequency surface, i.e. the surface spanned by the wave vectors k of transverse magnetic (TM) modes corresponding to the same frequency, has a shape of a strongly oblate ellipsoid (see the inset of Fig. 1 ). The condition (1) is realized at the elliptic side of the topological transition between elliptic and hyperbolic regimes [13] [14] [15] [16] . While the hyperbolic regime, when ε xx < 0, allows to realize strong Purcell effect as well, it is strongly qualitatively different from the considered case. Particularly, in the hyperbolic metamaterials the spontaneous emission is mostly due to the photon modes with large wave vectors, that lead to the diverging density of states but are evanescent outside the structure and can not be detected in the far field unless the structure surface is patterned to facilitate their outcoupling [17] . Hence, the transition from elliptic to the hyperbolic regime is accompanied by shortening of the emission lifetime and suppression of the observed far field emission intensity [18, 19] . In the considered anisotropic elliptic case the density of states stays finite, no evanescent waves are involved, and, as a result, both the radiative decay rate and the far field emission power can be enhanced. Now we proceed to the discussion of the origin of the 
Here, τ is the radiative decay rate, ω 0 is the emission frequency for the two-level system, d is the dipole matrix element, and E k,σ is the electric field operator amplitude corresponding to the single quantum of radiation. The integration is performed over the wave vectors k of emitted waves with the TE or TM polarization denoted by σ. Below we outline the calculation of the spontaneous emission rate; the general result valid both in elliptic and hyperbolic regimes and accounting for losses can be found in Ref. [12] . The electric field amplitude can be presented as
where the effective mode volume V mode is determined from the quantization condition for the plane waves
, V is the normalization volume, θ and ϕ are the spherical coordinates of the wave vector k. The effective mode volume
can be expressed via effective refractive index n TM determining the TM modes dispersion ω k,TM = ck/n TM (θ k ),
Substituting Eqs. (5), (6) into Eq. (3) and performing the integration over k and ϕ we obtain the contribution of the TM modes to the radiative decay rate for the x-polarized transition
Equation (7) has a divergency for ε xx → +0. While this divergency takes place at the threshold of the hyperbolic regime the origin of the emission enhancement is quite different from the case of hyperbolic metamaterials, because the density of states stays finite. Particularly, in the ultra-anisotropic regime (ε xx ε zz ) the spontaneous emission is dominated by the waves propagating at the grazing angles to the symmetry plane, θ k ≈ π/2:
where ψ = θ k − π/2 . The sharp strong maximum in Eq. (8) for ψ ∼ ε xx /ε zz 1 is due to the diverging effective refractive index Eq. (6) which means vanishing effective mode volume Eq. (5). The small effective mode volume leads to the strong Purcell effect, similarly to the case of resonant cavities.
The final result for Purcell factor is obtained by including the contribution of the TE modes (determined by the effective index n TE = √ ε xx ) and normalizing to the free-space radiative decay rate 1/τ = 4d 2 ω 3 /(3 c 3 ). The expressions for x and z polarized emitters read
It is the first term in Eq. (9) that presents the contribution of the TM waves to the spontaneous emission rate and can be arbitrary large in the ultra-anisotropic elliptic regime. The effect is present only for the emitters polarized in xy plane, cf. Eq. (9) and Eq. (10). This is how we arrive to an idea such the regime can be realized in actual artificial media. The seemingly natural approach is to consider plasmonic multilayers [20, 21] that are layered metal-dielectric structures formed by a periodic stack of metallic and dielectric layers. Conventional multilayers formed by the layers of two kinds described typically with the following permittivities [22] :
where the angular brackets denote the spatial averaging. Analyzing these equations we find that the condition Eq. (1) is realized at the frequency slightly above the transition frequency ω * , corresponding to the transition between the elliptic and hyperbolic regimes
when ε 
e. the metallic layers should be thinner than the dielectric ones. Particularly, this means that the absolute value of ε me is larger than ε diel at the frequency ω * and the frequency ω * is lower than the surface plasmon frequency determined from the condition ε me = −ε diel . However, it turns out that in this case the corresponding isofrequency contour consists not only of the elliptic contour but possesses an additional hyperbolic branch due to the inherent strong spatial dispersion of the plasmonic multilayer [23] . Dispersion diagram of the structure as a function of the normalized in-plane wave vector k y is shown in Fig. 2(a) . The mode I has an elliptic dispersion, but it is spectrally overlapped with the mode II that is hyperbolic one. Hence, the effect of the mode I on the spontaneous emission is completely masked by the contribution of the mode II.
In order to obtain the isolated elliptic isofrequency contour we propose plasmonic multilayer structures having complex unit cell with bi-periodicity [24] . Particularly, we consider the system formed by four layers per period, two different metallic ones and two equal dielectric ones, as shown in Fig. 1 . We choose the dielectric layers with the same permittivity of ε d = 4.6. The metallic layers are described by the Drude model:
, with different plasma wavelengths λ p1 = 250 nm and λ p2 = 220 nm. All layers are chosen to have equal thickness of 31 nm. Dispersion diagram for this case is presented in Fig. 2(b) . The photonic band structure of the bi-periodic multilayer possesses four branches, contrary to two branches in the conventional plasmonic multilayer with simple unit cell [ Fig. 2(a) ].
Since the complex unit cell is formed by different metallic layers, two surface plasmon resonances can be distinguished in Fig. 2(b) , positioned at the frequencies f sp1 and f sp2 . The mode I lies between these two fre- quencies being bounded from above by f sp2 and from below by the threshold frequency f * . It is blue-shifted in comparison with the mode I of Fig. 2(a) . At the same time, the mode II occupies the former region below f sp1 . Thus, the mode I becomes spectrally isolated allowing us to realize the ultra-anisotropic elliptic regime. Particularly, its magnetic field keeps the same sign within the unit cell [inset of Fig. 2(b) ]. Hence, this mode is still qualitatively described within the effective medium approximation by the period-averaged effective dielectric constant ε xx = ε(z) and remains elliptic [see Fig. 3(b) ]. In the spectral range of mode I we expect strong radiative Purcell effect.
In order to demonstrate the effect, we have calculated the spectral dependence of the Purcell factor for the emitter placed in the middle of the dielectric layer inside the infinite periodic structure. We have applied the Green function technique for layered structures [25] . The result is shown in Fig. 3 . The solid violet curve has been calculated for the emitter oriented along the layers, the green dashed curve corresponds to the perpendicular ori-entation. Figures 3(b)-(d) show the isofrequency contours for three particular frequencies. The frequency 530 THz corresponds to the main result of this work: in this case the isofrequency contour has strongly anisotropic elliptic shape, and the Purcell factor reaches the value of 25 (violet line). For frequencies lower than 530 THz the most part of the isofrequency contour lies within the range of free space propagating waves, k y < k 0 = ω/c, and hence the energy can be radiated in the far field [ Fig. 1 ]. The increase of the Purcell factor in the elliptic regime is observed only for the emitter oriented parallel to the layers. Indeed, the elliptic regime is achieved in the frequency range 524 -540 THz, when the Purcell effect for the transverse emitter's orientation is quite weak (dashed green curve). Such polarization dependence of the Purcell factor is in perfect qualitative agreement with the effective medium prediction Eqs. (9), (10) . The dashdotted blue curve in panel (a) shows the effective medium result obtained using the values of ε xx and ε zz extracted by fitting the isofrequency contours. The function Eq. (9) has been multiplied by the factor 1.4, that can be interpreted as a local field correction to the effective medium model [26] . This semi-analytical expression well describes the numerically calculated frequency dependence of the Purcell factor [cf. violet and blue curves in Fig. 3(a) ].
Here, we have focused on the case of vanishing losses. While the Purcell enhancement due to the elliptic branch I is strongly suppressed for realistic losses, the effect can be further optimized by considering the metals with larger difference of the plasma frequencies. In the spectral range 540-554 THz the isofrequency contour evolves from an ellipsoid to the dumbbell, and, at frequencies larger than 554 THz it splits into two hyperbolic branches corresponding to mode III in Fig. 2 . In these regimes the spontaneous emission is quite fast, but dominated by evanescent waves.
To summarize, we have demonstrated how the strong Purcell enhancement of both the spontaneous emission rate and the far-field emission power can be realized in the ultra-anisotropic uniaxial metamaterials where the transverse component of the dielectric tensor is positive but much smaller than the axial one. Our work shows that the possibilities to engineer the photon dispersion and the light-matter coupling in layered metal-dielectric nanostructures reach far beyond the established concepts of individual surface plasmon modes, hyperbolic metamaterials or isotropic ε-near-zero medium and are yet to be fully explored.
